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^ Abstract 

On 

In the time since a merger of quantum mechanics and game theory was proposed 
^ (~| formally in 1999, the two distinct perspectives apparent in this merger of applying 

quantum mechanics to game theory, referred to henceforth as the theory of "quantized 
games", and of applying game theory to quantum mechanics, referred to henceforth 
as "gaming the quantum", have become synonymous under the single ill-defined term 
"quantum game". Here, these two perspectives are delineated and a game -theoretically 
I— ' proper description of what makes a multi-player, non-cooperative game quantum me- 

^vq chanical, is given. Within the context of this description, finding a Nash equilibrium in 

a quantum game is shown to be equivalent to finding a solution to a simultaneous best 
^] approximation problem in the state space of quantum objects, thus setting up a frame- 

■<-H work for a game theory inspired study of "equilibrium" behavior of quantum physical 

systems such as those utilized in quantum information processing and computation. 

<N 
O 

^ 1 Multi-player, Non-cooperative Games 

> 

*^ Multi-player, non-cooperative game theory can be described as the science of making op- 

timal choices under given constraints. To this end, introduce a set O of outcomes, a finite 
number, say n, of individuals called players with non-identical preferences over these out- 
comes, and assume that the players interact with each other within the constraints of these 
outcomes. Call this interaction between players a game and define it to be a function G 
with range equal to the set O and domain equal to the Cartesian product Si x S2 x ■ ■ ■ x Sn 
with Si defined to be the set of the i^^ players pure strategies. Call an element of the set 
X ^2 X • • • X a play of the game or a strategy profile. In symbols, a game G is a 
function 

G : Six S2X ■■■ X Sn^ O. 
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It is also assumed that the players make strategic choices independently. Note that a game 
is distinguished from an ordinary function by the notion of non-identical preferences, one 
per player, defined over the elements of its range or the outcomes. 

Given a game G as above, assume further that the each player has full knowledge of his 
and his opponents' preferences over the outcomes, of pure strategies available to him and 
to his opponents, and that each player is aware that he and his opponents are all rational in 
that they all engage in a play of the game that is consistent with their respective preferences 
over the outcomes. In an ideal scenario then, players would seek out a play that produces 
an optimal outcome o, that is, an outcome that appears as the very next best one in the 
list of preferences of all the players. However, players typically end up seeking out a play 
that satisfies the constraints of their non-identical preferences over the outcomes. Such an 
outcome has the property that in the corresponding strategy profile (or the play of the game) 
each player's strategy is a best reply to all others, that is, any unilateral change of strategy 
in such a play of the game by any one player will produce an outcome of equal or less 
preference for that player than before. Such a play of a game is called a Nash equilibrium 
[4] . A Nash equilibrium that happens to correspond to an optimal outcome is called Pareto- 
optimal or simply an optimal Nash equilibrium. 

Consider as an example the two player, two strategy non-cooperative game Q with the 
set of outcomes O = {oi, 02, 03, 04} and preferences of the players, labeled Player I and 
Player II, given by 

Player I : 02 ^ oi ^ 04 ^ 03 (1.1) 

Player \1 : >~ oi >~ 04^ >~ 02 (1.2) 

with the symbol >- standing as short-hand for "more preferred than". The set of pure strate- 
gies of each player is the two element set {D, H} and the game is defined as 

g{D,D)=ou g{D,H) = os, g{H,D) = 02, G{H,H) = Oi 

Note from the players' preferences that the outcome oi is optimal, corresponding to the play 
(-D, D), because it best approximates the non-identical preferences of the players. However, 
the outcome 04 is the unique Nash equilibrium in this game, corresponding to the strategy 
profile {H, H), because it satisfies the constraint of the players' non-identical preferences 
over the outcomes. To see this, consider the game Q in tabular format in Figure 1 from 
which it is easy to see that the player who unilaterally deviates from the strategy profile 
{H, H) ends up with an outcome that he prefers less than the outcome 04. 
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Figure 1: Tabular form of the game Q. 



Nash Equilibrium 



1.1 Non-existent or Sub-optimal Nash Equilibria and Game Extensions 

In the game Q above, note that while an optimal outcome exists, it is not the one that 
manifests as the Nash equilibrium. This situation is considered to be an undesirable solution 
to the game. Worse game-theoretic situations can occur. For instance, the Matching Pennies 
game of Figure 2 entertains no optimal outcomes and no Nash equilibria! A fundamental 
problem in game theory is that of finding ways around such undesirable situations. One 
way this can be achieved is by simple changing the game. For instance, one can talk of 
changing the players' preferences in the game Q or even changing the function Q itself. 
However, changing a game can very naturally be viewed as a form of cheating. Indeed, a 
humorous lament betrays this assessment of changing a game as follows: "When I finally 
figured out answers to all of life's questions, they changed all the questions!" On a more 
practical note, one could argue that changing game as above is can be costly. For example, 
this cost of changing a game may be social, such as the one that Ghandi and the inhabitants 
of the Indian sub-continent incurred in their changing of the British Raj game. 

Is there a way then to overcome undesirable game-theoretic situations where Nash equi- 
libria are non-existent or sub-optimal, without changing the game? An affirmative answer 
can be found in the form of randomization via probability distributions. Randomization via 
probability distribution is a time-honored method of avoiding undesirable game-theoretic 
situations that has been practiced by players since time immemorial in the form of tossing 
coins, rolling die, or drawing straws, but was formally introduced in game theory by von 
Neumann [j]. 



2 Mixing the game 

Randomization via probability distributions is introduced in a game formally as an exercise 
in the extension of the game. Bleiler provides an excellent treatment of this perspective in 
[1]. Taking the game Q as an example, we extend its range to include probability distribu- 
tions over the outcomes by identifying these outcomes with the comers of the simplex of 
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Figure 2: Matching Pennies, a game with no Nash equilibrium. 

probability distributions over four things, or the 3-simpIex. Now probabiUty distributions 
over the outcomes of Q can be formed while at the same time any one of these original 
outcomes can be recovered by putting full probabilistic weight on that outcome. Formally, 
the set O = {oi, 02, 03, 04} is identified with the set 

A3 = |(Pl,P2,P3,P4)|0 <Pi< I'^^^i = l| 

where pi is the probabilistic weight on the outcome Oj. 

Next, a notion of non-identical preferences of the players over probability distributions 
is defined. A typical way to define such preferences is via the notion of expectation, con- 
structed by assigning a numeric value, one per player, to each of the outcomes such that the 
assignment respects the preferences of the players over the outcomes. For a given probabil- 
ity distribution, expectation is defined to be 

E{pi,P2,P3,P4:) = Piai +^202+^303+^404 G K (2.1) 

with Oj being the numeric value of the outcome Oj. A player will now prefer one probability 
distribution P over another Q if E{P) > E{Q). The mixed game M is defined next with 
domain equal to the Cartesian product of the sets of probability distributions over the pure 
strategies of the players. In symbols, 

M : Ai X Ai A3 

where Ai is the set of probability distributions over the pure strategies of each player and 
is referred to as the set of mixed strategies of the players. The mixed game M is defined as 

M : Hp, l-p),{q,l- q)) ^ {pq, (1 - p)q,pil -q),{l-p){l- q)) 

Figure 3 gives a pictorial representation of the construction of a mixed game for the game 
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Figure 3: Construction of the mixed game M. 



Q. We point out that the original game Q can be recovered from the mixed game M by 
restricting the domain of M to {D, H} x {D, H}. Hence, even though the mixed game is 
an entirely different game, because the original game is included within the mixed game and 
can be recovered if so desired, game theorists argue that the mixed game is one way around 
any undesirable game-theoretic results present in the original game without changing the 
game. 

The existence of Nash equilibria in the mixed game was addressed by John Nash [ ] 
who showed that a mixed game with a finite number of players is guaranteed to entertain at 
least one Nash equilibrium. This powerful result offers a way around the most undesirable 
situation possible in multi-player game non-cooperative theory, namely, a game without any 
any Nash equilibria. Moreover, it is sometimes the case that Nash equilibrium in the mixed 
game are near or fully optimal relative to the original game. 

3 Gaming the Mixture 

What can be said about the remains of the mathematical construction employed to produce 
the mixed game M when the underlying game G and its domain are removed from consid- 
eration? In this case, the function that remains, call it M', maps directly from Ai x Ai 
into A4 and is no longer an extension of Q. The corners of each Ai no longer correspond 
to mixed strategies of the players and the function Q can no longer be recovered by intro- 
ducing appropriate restrictions on the domain of M'. However, because the range of the 
game Q, together with players preferences defined over its elements, is still intact, included 
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inside A4, a notion of players' preferences over elements of A4 as constructed in section 
2 still holds. The new function M' can therefore be considered to be a multi-player non- 
cooperative game in which the set of outcomes is A3 with players' preferences over these 
outcomes defined in terms of the players preferences over the corners of A3 via expectation, 
and the "pure strategy" sets of each player equal Ai: 

M' : Ai X Ai ^ A4. 

In other words, M' is the result of "gaming the mixture" or the application of multi-player 
non-cooperative game theory from section 1 to the stochastic function M' . Indeed, the 
function M' can appropriately be classified as a stochastic game. 

This idea of casting a given function in a game-theoretic setting by starting with a 
game extension and then removing the underlying game from consideration is extended 
to functions used in quantum mechanics in section 5 below. To this end however, first a 
relevant discussion on extensions of games to include quantum mechanics appears below. 



4 Quantizing the Game 

Note that because M does not map onto A3, the image of the mixed game may not contain 
probability distributions that are optimal or near-optimal. Hence, the mixed game may not 
entertain Nash equilibria that are better those available originally. This is indeed the case 
with the game Q. In such persistent unsatisfactory situations, game-theorists seek other 
extensions of the original game. 

Of special relevance here is the extension of a game, formally suggested by Meyer [2], 
to included higher order randomization via quantum superpositions followed by measure- 
ment. To this end, the outcomes of a game are identified with an orthogonal basis of the 
space of quantum superpositions. Mathematically, the space of quantum superpositions is 
a projective complex Hilbert space. For the game Q, a four dimensional projective Hilbert 
space H4 is required with the four outcomes {oi, 02, 03, 04} identified with an orthogonal 
basis B = {hi, 621 ^4} of H4. Now quantum superpositions of the outcomes of Q can be 
formed. Formally, the set O = {oi, 02, 03, 04} is identified with the set 

H4 = jci^i + 0262 + C363 + C464 = (Cl, C2, C3, C4)| |ci|^ = l| 

where Cj is the projective complex valued weight on Oj and |cjp is the square of the norm of 
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(Cp C2 , C3 , C^), ^ \ \Cj I 1 

i=l 

0: (aiD + a2H,AD + y?2H) ^ (7p72'73'74) 
Figure 4: Construction of quantized games 0. 

the complex number Cj. Measurement, denoted here as meas, of a quantum superposition 
q produces a probability distribution in A3 from which the expectation of the outcomes of 
G to the players can be computed and the optimality of a quantum superposition can be 
defined. Note that anyone of the outcomes of the game Q can be recovered by putting full 
quantum superpositional weight on the basis element corresponding to that outcome. A 
quantized game Q is defined next, typically as a length preserving unitary function from 
the Cartesian product of the sets of quantum superpositions of the strategies of the players 
into H4. In symbols, 

e : H2 X H2 ^ H4 

where H2 denotes the set of quantum superpositions of the strategies of the players, referred 
to in the literature as quantum strategies of the players. However, because a quantized 
game is an extension of the original game ^ in a fashion analogous to the mixed game 
of section 2, we propose that it is more appropriate to refer to H2 as the set of a player's 
quantized strategies. We also point out that the term quantized game in fact refers to an 
entire family of games, in stark contrast to the term mixed game which refers to a specific 
function. Depending on the exact nature of 0, when followed by measurement, the image 
of this composite map meas o Q can be larger than the image of mixed game and may 
contain optimal of near-optimal probability distributions. A picotrial representation of a 
game quantization is given in Figure 4. 

Quantization of games with two players, each having two pure strategies have been 
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fairly extensively studied, with a recent survey of this subject appearing in [ ]. One quan- 
tization that underpins most studies of two player, two strategy games is the one proposed 
by Eisert, Wilkens, and Lewenstein (EWL) [ ]. It can be shown that the EWL quantization 
is the specific family of functions explicitly defined as 

: (aiD + a2H, /3iD + /32H) (71,72,73,74) 

where 

71 = (ai/3i + 02/32) + + a202) 

72 = -il{-ai02 + a2/3i) + j?(-a2/3i + ai/32) 

73 = v{-ail32 + 0201) - f?(-a2/3i + ai/32) 

74 = -i(ai/3i + 02^2) + i{(^202 + ai/3i) 
in; 1 /-, .N 

and focuses on a particular variation of the game Q with specific numeric values replacing 
the outcomes Oj. This is the popular game known as Prisoner's Dilemma. The authors of 
EWL show that a Nash equilibrium with an expectation equal to the optimal outcome in 
the original game Q manifests in the quantized game for a play of the game consisting of 
a certain sub-class of quantized strategies. However, when plays of the game consisting 
of the most general class of quantized strategies are considered, the only Nash equilibrium 
that manifests is one with expectation equal to that of the sub-optimal Nash equilibrium in 
the original game. Indeed, Meyer presents an argument in [ ] where he shows that unlike a 
mixed game, a quantized game need not entertain any Nash equilibria at all. 

5 Gaming the Quantum 

Just as removing the underlying game Q and its domain from consideration in the construc- 
tion of the mixed game M in section 2 leaves the function M' that can be viewed as an 
example of applying multi-player non-cooperative game theory to stochastic functions, re- 
moving the game Q from consideration in the construction of a quantized game leaves 
behind a function ©' that can be viewed as an example of an application of multi-player, 
non-cooperative game theory to quantum mechanics or "gaming the quantum". Indeed, be- 
cause the function 0' is a quantum physical function (not necessarily a unitary operator, 
but any function in general) by virtue of mapping into the joint state space of quantum me- 
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Figure 5: Distance between a quantum superposition Q and elements of bi of an orthogonal 
basis of H4. 

chanical objects, it truly deserves to be called a quantum game. In other words, a quantum 
game is any function mapping into a projective complex Hilbert space provided a notion of 
preferences, one per player, is defined over quantum superpositions. The domain of a quan- 
tum game can now be correctly referred to as the set of quantum strategies of the players. 
Indeed, in a general setting, the set of quantum strategies can be any set and need not be 
restricted to H2. 

While the notion of players' preferences over quantum superpositions in the outcome 
space H4 can conceivably be defined in different ways, here, we define players' preferences 
over these quantum superpositions via preferences over the elements of an orthogonal basis 
of H4 in a particular way. Define the preferences of the players over the elements of orthog- 
onal basis B = {bi,b2,bs,b4} of H4 to be preferences over the elements of an orthogonal 
basis of H4 in a particular way. Define the preferences of the players over the elements of 
orthogonal basis S = {61, 62, &3, ^'4} of H4 to be 



where the symbol "=" represents a players indifference between the basis elements sur- 
rounding the symbol. In other words, Player 1 prefers the basis element 62 the most and 
Player II prefers the basis element 63 the most. Next,note that the Hilbert space H4 natu- 



Playerl : 62 61 = 64 = 63 



Playerll : 63 :^ 61 = 64 = 62 
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rally supports a notion of distance (metric, in fact) between any two of its elements via the 
inner-product defined on it. More precisely, for xi, X2 G H4, the distance between these 
two elements is given by the angle 

dist(xi,X2) = 6'{xi,X'2) = cos"^ (I {XI,X2) I) 

where (xi, X2) is the inner-product of xi and X2, \ {xi,X2) \ represents its length or norm, 
and 6 G [0, f ]. This notion of distance is also referred to as the fidelity of two quantum 
superpositions. 

Player I will now prefer one quantum superposition q over another pif qis closer to 62 
than p is, that is 

Player I : q y p <^ dist((7, 62) < dist(p, 62). 

Similarly, Player 11 will prefer one quantum superposition q over another r if g is closer to 
63 than r is: 

Player II : q >- r dist(g, 63) < dist(r, ^3) 

Now the notion of Nash equilibrium can be characterized as a play of a quantum game 
that satisfies the constraints of the players' preferences via this distance notion. Let Q be a 
quantum superposition corresponding to a play (x* , y* ) of a quantum game T, that is 

r{x*,y*) = Q 

The quantum superposition Q will be a Nash equilibrium outcome if unilateral deviation 
on part of any one player from the corresponding play (x* , y* ) of © will produce a quantum 
superposition of equal or less preference for that player than Q. Therefore, if Player I 
deviates from his quantum strategy x* and instead employs the quantum strategy x, then 

T{x,y*) = Q^ with dist(Q^.,62) > dist((5,62) (5.1) 

Also, if Player II deviates from his quantum strategy y* and instead employs the quantum 
strategy y, then 

T{x*,y) = Qy with dist(Qy,63) > dist(Q,63) (5-2) 

Note that equations (5.1) and (5.2) describe a simultaneous best approximation problem 
in the Hilbert space H4. This establishes the main result: 
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A quantum strategy pair (s* ,t*) in a two player quantum game T is a Nash equilibrium if 
r(s*, t*) = Q G H4 simultaneously best approximates the most preferred outcomes of the 
players. 

The general case with finitely many players follows straight forwardly. 

The theory of Hilbert space shows that for a given sub-Hilbert S space of a Hilbert 
space H, one can always find a unique element s G 5 that minimizes the distance between 
elements of S and any fixed /i G ^. In other words, s best approximates h. This means 
that a necessary condition for the existence of Nash equilibrium in a quantum game is 
for the image of the quantum game to be a sub-Hilbert space of the H4. On the other 
hand, equations (5.1) and (5.2) constitute a sufficient condition for the existence of Nash 
equilibrium in a quantum game. 

6 Conclusion 

We envision several potential future directions in the area of quantum games. For one, play- 
ers' preferences given in section 5 above are defined within a quantum computational and 
algorithmic context where exactly one outcome, corresponding to a particular calculation 
or searched item, is the correct and therefore most desired outcome of one player. All others 
are less preferable. On the other hand, another player (or even players) most prefers at least 
one of the latter. The equilibrium behavior of quantum circuits can potentially be studied 
from this game-theoretic perspective. Indeed, other preferences over quantum superposi- 
tions are conceivable, and an entire separate project can be devoted to the study preferences 
that produce insightful results. 

Further generalization is another possible future direction. One would start with the 
study of the class of functions into H4, or indeed into H„ for any n G N, that would satisfy 
the necessary and sufficient conditions for the existence of Nash equilibria. Generalizing 
further would allow a game-theoretic study of a broader class of functions, culminating with 
the positive operator valued measurement mapping into infinite dimensional vector spaces 
with a continuum of basis elements. Such studies can potentially produce insightful results 
in the engineering of control of quantum systems those corresponding to quantum circuits 
and algorithms. 
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